Monads in F#
(source code : www.paul-abraham.com/Monads.zip)

Composition is the key to control complexity, which means, we build primitive functions and build up complex systems. You can think Monads as a special socket to compose functions.  Say  f: TypeA  --> TypeB  and  g:TypeB --> TypeC  are functions which you can compose straightforwardly  and get  a composed function  z(x)= g(f(x)): TypeA-->TypeC.  

Consider now, we define a type-constructor M that performs some arbitrary operation on TypeB and TypeC (e.g. Take a double number and add to a List  l: double  -> double list  ,the type constructor  in this context is the list) . Now we redefine our functions to reflect our new situation. Let   f: TypeA  -->M( TypeB)   and  g:TypeB -->M( TypeC ) and now , we can’t simply compose functions  f and g  as we did before because the function g  takes an argument of TypeB and not  M(TypeB) . Is there any Solution for this problem? If so, what characteristic a type-constructor M must have, so that we can compose f and g functions?  Here comes Monad to help us. Monads give us warranty that the functions f and g can be composed together and gives us a function  z(x)= g(f(x)): TypeA-->M(TypeC).   
Defintion: A Monad  is a triple  (M,Return,>>=), where M is a type-constructor and two polymorphic functions   :                                                                                                        Return:  a --> M(a)                                                                                                                                                     >>=: M(a) --> (a --> M(b)) --> M(b)  (This function is also called as Bind operator)                                                   and must  obey  following axioms:                                                                                                                  Right Unit:  m >>= Return =  m                                                                                                                             Left  Unit : Return x >>= f  = f x                                                                                                                                     Associatitvity:  (m >>= f) >>= g  =  m >>=( x-->f x >>=g)  
Now, we go back to our composing problem:                                                                                            Consider  the functions  f: TypeA  -->M( TypeB)   and  g:TypeB -->M( TypeC ) . we will first  compute f(x)  and take the results of type M(TypeB)  and, the  Bind operator  >>=  will “lift”  the function g  to the type M(TypeB) -->M(TypeC) , so our composed function z(x) will look like z(x)= f(x)>>=g : TypeA --> M(TypeC). 

The previous definition of Monad  has similarity with Kleisli Triple in the mathematical category theory. You can find a good mathematical introduction in the following link.               www.paul-abraham.com/monads.pdf. There is very interesting web-cast   from Brian Beckman and I enjoyed it very much.             (http://channel9.msdn.com/shows/Going+Deep/Brian-Beckman-Dont-fear-the-Monads/)
They are several kinds of Monads for different purposes. We will focus firstly on the Identity-Monad. This Monad does nothing. We will write F# code and check whether the Identity-Monad obeys the axioms.
 Identity Monad:

#light

open System

let z (x:double)=[x]

type IdentityMonad<'T>(t:'T) =

    let X = t

    static member Return(x) = new IdentityMonad<_>(x)

    static member Bind(a:IdentityMonad<_>) (f: _ -> IdentityMonad<_>) = a.Value |> f 

    member o.Value with get() = X

    member o.Print = let s=X.ToString()

                     printfn "My Value is %s"  s

//   type IdentityMonad<'T> =

//  class

//    new : t:'T -> IdentityMonad<'T>

//    static member

//      Bind : a:IdentityMonad<'T3> ->

//             (('T3 -> IdentityMonad<'a2>) -> IdentityMonad<'a2>)

//    static member Return : x:'a1 -> IdentityMonad<'a1>

//    member Print : unit

//    member Value : 'T

//  end

let (>>=) (m:IdentityMonad<_>) (f:'T->IdentityMonad<_>)=IdentityMonad<_>.Bind m f

//val ( >>= ) : IdentityMonad<'T> -> ('T -> IdentityMonad<'c>) -> IdentityMonad<'c>

let Return  = IdentityMonad<_>.Return 

//'a -> IdentityMonad<'a>

// Check the Monad Axioms 

let m=new IdentityMonad<double>(3.0)

// Check Right unit:  m>>=Return = m

let ans = m>>=Return

if(ans.Value=m.Value) then printfn "Right Unit is correct" 

                      else  printfn "Right Unit is not correct" 

// Check Left Unit: Return x >>= f = f x

let x=2.0

let f (x:double)=new IdentityMonad<double>(4.0*x)

//val f : double -> IdentityMonad<double>

let ls=(Return x) >>= f 

let rs=f x

if (rs.Value=rs.Value) then printfn " Left Unit is correct"

// 

// Associatitvity: (m >>= f) >>= g = m >>=( \x->f x >>= g)

let g (x:double)=new IdentityMonad<double>(5.0*x)

let lhAs=(m >>=f)>>= g

lhAs.Print

let rhAs= m >>=(fun(x)->(f x)>>=g)

if(lhAs.Value=rhAs.Value) then printfn "Associatitvity is correct"

List Monad:
Now, it is time to look a useful monad than Identity Monad. If you look  LINQ query , you can’t  miss it recognize the Bind operator(>>=) of a Monad:
public static IEnumerable<TResult> SelectMany<TSource, TResult>(

    this IEnumerable<TSource> source,

    Func<TSource, IEnumerable<TResult>> selector

)//C# synatx

I am using  .Net generic list List<>  to describe  List Monad. I have implemented standard Customer Order scenario to check monads Axioms:
#light

open System

open System.Collections

open System.Collections.Generic

// Extend the class List<'T> with map and flat

type List<'T> with 

    // member MapT2C : f:('T -> 'C) -> System.Collections.Generic.List<'C>

    member this.MapT2C(f:'T->'C) = let n=new List<'C>() 

                                   for e in this do

                                       n.Add(f(e))

                                   n

    // take a List<> of List , and concate to one

    //static member Flat : ll:List<List<'a>> -> List<'a>

    static  member Flat (ll:List<List<_>>) =  let n = new List<_>() 

                                              for l in ll do

                                                  for e in l do                            

                                                       n.Add(e)

                                              n

// Definition of List Monad

type ListMonad=

     static member Return t = let l=new List<_>()

                              l.Add(t)

                              l

     static member Bind (m:List<_>) (f: _ -> List<_>)= let l=m.MapT2C(f)

                                                       let fA=List.Flat(l)

                                                       fA

//type ListMonad =

//  class

//    static member

//      Bind : m:System.Collections.Generic.List<'a> ->

//               f:('a -> System.Collections.Generic.List<'b>) ->

//                 System.Collections.Generic.List<System.Collections.Generic.List<'b>>

//    static member Return : t:'a -> System.Collections.Generic.List<'a>

//  end

let Return  = ListMonad.Return

//val Return : 'a -> List<'a>

let (>>=) m f  = ListMonad.Bind m f

//val ( >>= ) : List<'a> -> ('a -> List<'b>) -> List<'b>

/// Check Monad Axioms

// prepare Customer, OrderDeatil,Order scenario to check Axioms

let random = new Random()

type OrderDetail(product:string,quantity:int) =

     let product =product

     let quantity =quantity

     member x.Print=printfn "product %s"  product

type Order(orderdate:System.DateTime) =

     let orderdate =orderdate 

     let id= random.Next

     let l=new List<OrderDetail>() 

     member x.OrderDetails with get()=l

     member x.AddOrderDetails od = l.Add(od)

     member x.Print =printfn "Order Date %A"  orderdate

                     l.ForEach(fun(od)->od.Print)

type Customer(name:string,city:string) =

    let name = name

    let city =city

    let id = random.Next()

    let l=new List<Order>() 

    member x.Orders with get()=l

    member x.AddOrder o = l.Add(o)

    member x.Print = printfn "name city id : %s %s  %d "  name city id 

                     l.ForEach(fun(o)->o.Print)

// Example

let customer = new Customer("Awraham","Frankfurt")

let order1 = new Order(new DateTime(2008,09,25))

order1.AddOrderDetails(new OrderDetail("Banana",5))

order1.AddOrderDetails(new OrderDetail("Apple",8))

let order2 = new Order(new DateTime(2008,09,28))

order2.AddOrderDetails(new OrderDetail("Cola",6))

customer.AddOrder(order1)

customer.AddOrder(order2)

// Check Right unit:  m>>=Return = m

let m=new List<Customer>() 

m.Add(customer)

let rur = m >>=Return 

 //Check

printfn "*******************"

rur.ForEach(fun(c)->c.Print)

printfn "*******************"

// Check Left Unit: Return x >>= f = f x

let f (c:Customer)= c.Orders

//val f : Customer -> ResizeArray<Order>

let lul=Return customer >>= f

let lur=f customer

  //check 

printfn "*******************"

lul.ForEach(fun(o)->o.Print)

printfn "*******************"

lur.ForEach(fun(o)->o.Print)

// Associatitvity: (m >>= f) >>= g = m >>=( \x->f x >>= g)

let g(o:Order)=o.OrderDetails

//val g : Order -> ResizeArray<OrderDetail>

let asle=(m>>=f)>>=g

let asri= m >>=(fun(x)->(f x)>>=g)

printfn "*******************"

asle.ForEach(fun(o)->o.Print)

printfn "*******************"

asri.ForEach(fun(o)->o.Print)
Continuation Monad:
Continuation Monad embodies Continuation Passing Style(CPS). Haskell Wiki states:
 CPS, is a style of programming where functions never return values, but instead take an extra parameter which they give their result to — this extra parameter represents what to do next, and is called a continuation.
 Let us look an example of CPS in F#:

#light

// Continuation Passing Style

//Traditional Way

let square a=a*a

let print x=printfn " %d" x

do print(square 10)

// CPS

let squareCPS x f= f(x*x)

do squareCPS 10 print // the function "print" is the continuation
The type of the continuation monad is ('a -> 'r) -> 'r and we will look the Bind operator (>>=) to understand, what does this monad do?
// Continuation Monad

type ContinuationBuilder() =

     member o.Return(x:'a) = fun (f :'a->'r)-> f x

     member o.Bind((m:('a->'r)->'r),(k:'a->('b->'r)->'r))

                   =fun c -> m (fun a -> k a c) 

//type ContinuationBuilder =

//  class

//    new : unit -> ContinuationBuilder

//    member

//      Bind : m:(('a -> 'r) -> 'r) * k:('a -> ('b -> 'r) -> 'r) ->

//             (('b -> 'r) -> 'r)

//    member Return : x:'a -> (('a -> 'r) -> 'r)

//  end
The Bind operator will take the continuation function type of  ('b -> 'r) from the kleisli-arrow  k:('a -> ('b -> 'r) -> 'r)  and bind to the function c, afterwards it will evaluate m (calculate the value a) ,then we will have an another continuation monad type of  

('b -> 'r) ->'r).
Now, we can monad axioms:

let cb= new ContinuationBuilder()

// Check the Axiom

let Return = cb.Return

let (>>=) m f =cb.Bind(m, f)

let monadSquare x=cb{return square x}

//val monadSquare : int -> ((int -> 'a) -> 'a)

// Check Left Unit: Return x >>= f = f x

let lu_lhs x=(Return x)>>=monadSquare

do lu_lhs 7 print //49

do monadSquare 7 print //lu_rhs 49

// // Check Right Unit: m>>=Return = m

let ru_lhs x=(monadSquare x)>>=(fun y->Return y)

do  ru_lhs 10 print 

let ru _rhs x=monadSquare x

do monadSquare 10 print

// Check Associatitvity: (m >>= f) >>= g = m >>=( \x->f x >>= g)

let monadPlus5 x = cb{return x+5}

let monadMinus5 x= cb{return x-5}

let as_lhs x =(monadSquare x)>>= monadPlus5>>=monadMinus5

do as_lhs 5 print //25

let as_rhs x=(monadSquare x)>>=(fun(y)->(monadPlus5(y))>>= monadMinus5)

do  as_rhs 5 print //25

State Monad:
State Monad is a function which takes a state as argument and updates previous state for next stage  with  accompanied computation result   

type State<'s,'a> = State of ('s ->'s*'a).
We label a binary tree to demonstrate State Monad. Let us look non-monadic version to understand  the label problem. Here you pass a tree such like 

(Leaf ("A",0),Branch (Leaf ("B",0),Branch (Leaf ("C",0),Leaf ("D",0)))) and 
get

(Leaf ("A",0),Branch (Leaf ("B",1),Branch (Leaf ("C",2),Leaf ("D",3))))
#light

open System

open System.Text

// State Monad

//  label a binary tree to demonstrate state-monad

//  implement non-monadically and monadically

type Tree<'a> =

| Leaf of string*'a

| Branch of Tree<'a>*Tree<'a>  

// prints binary tree

// val printTree : Tree<'a> -> unit

let printTree(a)=

    let rec print(a,level)=

            let emptyString =new String(' ',level*2)

            printfn "%s" emptyString

            match a with

            |Leaf (sym,e)-> Console.Write(emptyString)

                            Console.Write("Leaf: "+sym+" ")

                            Console.Write(e.ToString())

                            Console.WriteLine()  

            |Branch (left,right) -> Console.Write(emptyString)

                                    Console.WriteLine("Branch:");

                                    print(left,level+1)

                                    print(right,level+1)

    print(a,2)

//non-monad version

let rec labelTreeNM(t,s) =

         match t with

         |Leaf(sym,_)-> let l=Leaf(sym,s)

                        (s+1,l)

         |Branch(left,right)-> let(sL,nLeft)=labelTreeNM(left,s)

                               let(sR,nRight)=labelTreeNM(right,sL)

                               (sR+1,Branch(nLeft,nRight))                 

let demoTree=Branch(Leaf("A",0),Branch(Leaf("B",0),Branch(Leaf("C",0),Leaf("D",0))))

let (_,demoTreeNM)=labelTreeNM(demoTree,0)

printTree(demoTreeNM)

Now, we look the monadic version:

// monad version

type State<'s,'a> = State of ('s ->'s*'a)

////type StateMonad =

//  class

//    new : unit -> StateMonad

//    static member

//      Bind : sm:State<'a,'b> * f:('b -> State<'a,'c>) -> State<'a,'c>

//    static member Return : a:'a -> State<'b,'a>

//  end

type StateMonad() = 

        static member Return(a) = State (fun s -> s, a)

        static member Bind(sm,f) = 

           State (fun s0 ->let (s1,a1)= match sm with

                                        | State h -> h s0

                           let (s2,a2)= match f a1 with

                                        | State h->h s1 

                           (s2,a2))                                                                      

// succinct functors for state monad

//val ( >>= ) : State<'a,'b> -> ('b -> State<'a,'c>) -> State<'a,'c>

let (>>=)m  f = StateMonad.Bind( m, f)

//val Return : 'a -> State<'b,'a>

let Return =StateMonad.Return

// Tree<'a> -> State<int,Tree<int>>

let rec stUpdate(t)

          =match t with

           |Leaf(sym,_) -> State(fun s->((s+1),Leaf(sym,s)))

           |Branch(oldL,oldR)-> stUpdate(oldL)>>=

                                  (fun newL->stUpdate(oldR) >>= 

                                              fun newR->Return(Branch(newL,newR)))

// monad version

//val monadLabel : Tree<'a> * int -> Tree<int>

let monadLabel(t,s)= let(nS,nT)=  match stUpdate(t) with

                                  | State f-> f(s)

                     nT

let mTree=monadLabel(demoTree,0)

printTree(mTree)

Finally, we check the monadic axioms for State Monad:

// check the monad axioms

//  Left Unit: Return x >>= f = f x

let f(sym)=State(fun s->(s,"Hello "+sym+" ,State f "+s.ToString()))

let lul(x) = Return(x)>>=f 

let lul_l=match lul("A") with

          | State sm->sm(0)

let lul_r=match f("A") with

          | State sm->sm(0)

 // Check Right unit:  sm>>=Return = sm

let ru_l= match State(fun s->(s+1,"Hello ,State "+s.ToString()))>>=Return with

          | State sm->sm(0)

let ru_r= match State(fun s->(s+1,"Hello ,State "+s.ToString())) with

          | State sm->sm(0)

// Associatitvity: (m >>= f) >>= g = m >>=( \x->f x >>= g)

let g(sym)=State(fun s->(s,"Hi from g "+sym+" ,State g "+s.ToString()))

let ass_l= match State(fun s->(s+1,"ASS"))>>=f>>=g with

           | State sm->sm(0)

let ass_r= match State(fun s->(s+1,"ASS"))>>=(fun sym->(f(sym)>>=g)) with

           | State sm->sm(0)
